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1, INTRODUCTION 
An important and interesting class of Banach spaces was introduced by 
Clarkson under the name “strictly convex spaces” which are all normed spaces 
such that each point of the unit sphere is an extreme point of the unit ball. 
In the study of analytic functions on Banach spaces, in connection with the 
validity of the strong maximum modulus theorem an interesting generalization 
of the notion of extreme point was very useful. This generalization considered by 
E. Thorp and R. J. Whitley [l l] permits a characterization of all Banach spaces 
in which the strong maximum modulus theorem holds. 
The consideration of “complex extreme points” by E. Thorp and R. J. 
Whitley suggests us to consider a class of Banach spaces which we call “complex 
strictly convex” and the purpose of the present note is to give some properties 
and examples. 
2. COMPLEX STRICTLY CONVEX SPACES 
First we recall the definition of complex extreme points as was given by 
Thorp and Whitley. 
DEFINITION 2.1. Let C be a convex subset of a complex Banach space X and 
x0 E C. The element x,, is a complex extreme point of C if {x,, + 2~: 1 z 1 < 1) 
CCforyEXtheny =O. 
It is easy to see that we can suppose only z, ] z 1 = 1. 
It is easy to see that every extreme point of a convex set in a complex space is a 
complex extreme point. 
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The notion of “complex strictly convex spaces” is introduced in 
DEFINITION 2.2. A complex Banach space X is called complex strictly 
convex if each point of the unit sphere is a complex extreme point of the unit 
ball. 
From the above remark on extreme points it is clear that every strictly convex 
space is complex strictly convex space. 
The following simple theorem is useful for examples of complex strictly 
convex spaces. 
THEOREM 2.1. If X as a complex strictly convex Banach space then every 
closed subspace is also complex strictly convex space. 
Proof. Clear. 
From this theorem we obtain another example of complex strictly convex 
space. 
Indeed in [l l] it is proved that every point on the unit sphere of Ll(Q, B, p) 
is a complex extreme point. Thus Ll(Q, B, p) is complex strictly convex space. 
Let r = {z, 1 x 1 = l} and ~1 = (1/2rr) de and from the above theorem we obtain 
that the Hardy space H1 is also complex strictly convex. 
We conjecture at this point that H” and A(r) = {f, f continuous on I’ and 
c-,(f) = 0 for K = 1,2, 3,...} are also complex strictly convex spaces. In the 
following we give some characterization of complex strictly convex spaces using 
the notion of semi-inner product of Lumer [9]. We recall that a semi-inner 
product on a complex Banach space is a map from X x X with values in C such 
that 
(1) Lb + Y, PI = 4% 4 + FLY, 4, 
(2) Lx, xl = II x II29 
(3) IbGYll < II XII IIY II * 
In [9] Lumer has shown that in any normed linear space X, one can construct 
a semi-inner product [ , ] and there may be more than one. 
THEOREM 2.4. The complex Banach space X is complex strictly convex if and 
only if 
Ilu+eaBvII <Ilull and [v, u] = 0 =a v = 8. 
Proof. We can suppose without loss of generality that (( u (I = 1. If X is 
complex strictly convex and 
II u + e*% II < 1 and [v, ad] = 0 
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then for all z, 1 z / f 1 we have that 
(I 24 11” = 1 = [U, U] = [U + ZCJ, U] < 11 U + 2% /j 
= /I ye% + reae(e-34) + (1 - Y) ere(e-%)j\ < 7 11 w + e% I/ + (1 - r) 
II u II G 1 
which gives that u + zz1 E S(0, 1). This implies w = 0. 
For the converse, we suppose that X is not complex strictly convex and thus 
forsomex,,~~x,(\=landsomey,~Xandallz,/z~ <l 
We show that [y,, , q,] = 0. Indeed in the contrary case we have 
lb, + %I , xoll = I 4Yo 9 x01 + 1 I < 1 
which clearly represents a contradiction since z is arbitrary. Thus [y. , x0] = 0. 
But this implies y. = 0, a contradiction. The theorem is proved. 
In the same manner we can prove the following theorem 
THEOREM 2.5. The complex Banach space is complex stricdy convex zf and 
only tf 
(1) lIu+~vII=l vz, IZI B1, 
(2) /lull = 1, 
(3) h ul = 0, 
imply v = 0. 
3. COMPLEX EXTREME POINTS AND BANACH ALGEBW 
Let d be a Banach algebra with unit e. We recall an important fact proved by 
Bohnenblust and Karlin: the unit e is a vertex of JS’. (It is known that any vertex 
is an extreme point.) 
We prove the following 
THEOREM 3.1. Every unitary element u of d is a complex extreme point. 
Proof. If for some w E JS’ we have 
II f.4 + .zm II< 1 vz, IZI dl, 
then 
11 e + zwlw I( < 1 
which gives v = 19. 
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l?emarks. (1) It is of interest if 24 is in fact a vertex of ~24. 
(2) The theorem is of some interest especially in the case of C*-algebras. 
4. PRODUCT SPACES OF COMPLEX STRICTLY CONVRX SPACES 
Consider X and Y be two complex strictly convex spaces and the problem is 
about the nature of the product space X x Y. We have the following 
THEOREM 4.1. If X, Y are two complex strict& convex spaces then the product 
space X x Y with the 1urm2 
II@, Y)ll = (II x II2 + II Y l12F2 
is also complex strictly convex. 
Proof. We use Theorem 2.5. For this we remark that if [ , Jr, [ , ]r are 
the semi-inner products on X and Y, respectively, then a semi-inner product on 
XXYis 
Suppose now that we have (u, v) E X x Y such that 
(1) II~+~vll=L 1x1 <I, 
(2) II~II = 1, 
(3) [v, u] = 0. 
If u = (x,, , yO), v = (x, y) then 
1 = (II x0 II2 + IIYO l12F2 
= [x0 + .=, x01 + [y. + ZY, rol d II x0 + 2% Ii Ii x0 II + II y. + xy Ii II y. II 
< (II GJ + 2x II2 + IIYO + 2Y l12F2 (II x0 II2 + IIYO l12F2 = 1 
and thus 
1 < II x0 4 2% ll II x0 II + IIYO + XY II II Yo II 
< (II x0 + xc II2 + II yo + zy w2 (II x0 II2 + IIYO 112)1’2 = 1 
and by the well-known theorem on Holder inequality (since we have in fact an 
equality) there exists a constant k such that 
/I x0 + xx Ii = k I/ x0 II , 
llYo+~YlI =~llYoII. 
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Then (1) implies that K = 1 and since X and Y are complex strictly convex we 
obtain that z/11 x,, \I = 13, y/l] ys 11 = 6 and thus the theorem. 
5. QUOTIENT SPACES OF COMPLEX STRICTLY CONVEX SPACES 
If X is a Banach space and L a closed linear subspace of X the quotient space 
X/L is a Banach space whose points are the various translates of L in X with the 
norm 
llx+LII =$p+Yll. 
G. Kiithe’s problem [8] in the case of strictly convex space is as follows: 
To what extent is the strictly convex property of X transmited to its quotient 
spaces ? 
Results in this direction which substantiates a conjecture of Day were obtained 
by Day and Klee. Also in [7] a positive result is also established. 
Of course Kiithe’s problem has a variant in our setting: To what extent is the 
complex strictly convex property of X transmitted to its quotient spaces ? 
In the following, using some result of Klee (or one adapted from him) we 
can give 
THEOREM 5.1. If X is a complex strictly convex space and L is a reflexive 
subspace of X then X/L is complex strictly convex space. 
The proof is a consequence of some result stated as 
PROPOSITION 5.2. For normed linear spaces X and Y wtth open unit cells U and 
TJ, respectively, the following assertions are equivalent: 
(1) There is a closed subspace L of X such that Y is equivalent to the quotient 
space X/L; 
(ii) there is a linear transformation of X onto Y such that TC’ = V. 
Proof. This is Proposition 3.1 of [7]. 
PROPOSITION 5.3. If X and Y are Banach spaces and T: X---f Y a linear 
bounded transformation then if C is a complex strictly convex set, i.e., every point 
x E aC is a complex extreme point then C, = TC has the same property. 
Proof. Let x1 E C, , xi E aC, and suppose that for some y E Y and all z, 
j z 1 < 1 the point xi + zy E C, . Since xi E TC we find 2r 4 aC such that 
TZ, = xi and also we findi; such that Tj = y. Clearly T(Z1 + z$) = x1 + zy E 
C, and thus 2, + zj: E C which gives that y = 8. But then y = 8 and the propo- 
sition is proved. 
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Proof of Theorem 5.1. If U denotes the open unit cells of X and V of X/L, 
respectively, then by a remark of Klee [7], if T is the canonical map of X onto 
X/L, then 
T(c1 U) = cl V 
and from Proposition 5.2 the conclusion follows. 
6. RELATIVE COMPLEX EXTREME POINTS 
V. Klee has introduced the notion of relative extreme point in [7J and our 
goal here is to give the corresponding notion. 
DEFINITION 6.1. If C is a convex subset of a Banach space and C, is a convex 
subset of C then a point x,, E C is a complex extreme point of C relative to C, 
ifforsomey,Xandallx, jz[ <l, 
then y = 8. 
Remark. It is clear that for C = C, , x0 is a complex extreme point if and 
only if it is in the sense of the above definition. 
THEOREM 6.2, Every extreme point of C relative to C, is complex extreme point 
of C relative to C, . 
Proof. Indeed, if x0 is not a complex extreme point of C relative to C, then 
we choose y0 E X such that 
(1) Yo z 4 
(2) for all a, zyo + x0 E C, . 
Take z = - 1 and thus x0 is on the segment which has endpoints in (x0 - yo) 
and (x0 + yo) which is a contradiction. From Theorem 3 of [7] (see also [IO]) we 
have the existence of a complex extreme point of C relative to C, . 
7. SOME PROBLEMS 
There are several problems which appear in connection with complex 
strictly convex spaces. These are inspired by the corresponding result for 
strictly normed (Banach) spaces. 
Problem 7.1. Is a sufficient condition for a Banach space X to be a complex 
strictly convex space that every two-dimensional quotient subspace of X be 
complex strictly convex I 
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Problem 7.2. Is X* complex strictly convex if and only if every two- 
dimensional quotient space of X is complex strictly convex ? 
Problem 7.3. If X is a reflexive space then is it complex strictly convex ? 
Problem 7.4. If X**** is complex stricty convex space then is X reflexive ? 
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